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Abstract. Let G be a semisimple connected linear algebraic group over C, 
and X a wonderful G-variety. We study the possibility of realizing X as a 
closed subvariety of the projective space of a simple G-module. We describe the 
wonderful varieties having this property as well as the linear systems giving rise 
to such immersions. We also prove that any ample line bundle on a wonderful 
variety is very ample. 



1. Introduction 

Wonderful varieties are projective algebraic varieties (for us, over the field of 
complex numbers C) endowed with an action of a semisimple connected algebraic 
group G, having certain properties which have been inspired by the compactifica- 
tions of symmetric homogeneous spaces given by De Concini and Procesi in [DP83 . 
Wonderful varieties turn out to have a significant role in the theory of spherical va- 
rieties, which are a class of G- varieties representing a common generalization of flag 
varieties and toric varieties. 

In this paper we answer a question raised by Brion at the end of the paper 
|Br90| . Given a wonderful G-variety X, we want to study whether there exists 
a G-equivariant closed immersion in a projective space P(V) where V is a simple 
G-module (a "simple immersion" , for brevity) . This fact is true if X is a complete 
symmetric variety in the sense of |DP83j . but is false for other easy examples, such 
as P 1 x P 1 under the diagonal action of PSLi. 

In our main theorem (theorem|2J) we prove a necessary and sufficient condition for 
this to be true, and find all the linear systems which give rise to such an immersion. 
The condition is given in terms of the stabilizers in G of the points of the variety; 
it can also be stated in terms of some known invariants of wonderful varieties (the 
spherical roots). 

Our approach consists in reducing the problem to a small family of wonderful 
varieties: those of rank 1 which are not a parabolic induction. This family is finite 
and classified for any given G, see the works of Ahiezer ( |Ah83j ) . Huckleberry and 
Snow ( HS82 ), Brion ( Br89^), so we can carry on the proof case- by-case. 

The same technique is used to show that on a wonderful variety any ample line 
bundle is very ample. 
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in the developing of this work, and Prof. D. Luna for the fruitful discussions on the 
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2. Definitions 

2.1. Wonderful varieties. Throughout this paper, G will be a semisimple con- 
nected algebraic group over C. We also suppose G simply connected. In G we fix 
a Borcl subgroup B, a maximal torus T C B, we denote by $ the corresponding 
root system, by $ + the positive roots and by S the set of simple roots. Also, we 
denote by £?_ the Borel subgroup opposite to B, i.e. such that B n B- = T. Given 
a subset S' of the simple roots, we denote by $s' the associated root subsystem, 
and we denote by Gs> (resp. G-s>) the associated parabolic subgroup containing 
B (resp. B_). We will also use the notation <C X to denote the multiplicative group 
C\{0}. 

Definition 1. |Lu01| A wonderful G -variety is an irreducible algebraic variety A 
over C such that: 

(1) X is smooth and complete; 

(2) G has a open (dense) orbit on A, and the complement is the union of (te- 
stable) prime divisors Di (i — l,...,r), which are smooth, with normal 
crossings and satisfy Hi=i A 

(3) If x, x 1 £ X are such that {i | x £ Di} = {i \ x' £ Di}, then x and x' lie on 
the same G-orbit. 

The number r of G-stable prime divisors is the rank of X. 

A wonderful variety X is always spherical, i.e. a Borel subgroup has an open dense 
orbit on X (see |Lu96p . We can introduce some data associated to X coming from 
the theory of spherical varieties, and fix some notations (for details, see |Kn96j . 

(1) H = the stabilizer of a point in the open G-orbit of A, so that this orbit is 
isomorphic to G/H: it is known that H has finite index in its normalizcr 
NqH; we choose the point stabilized by H to be also in the open S-orbit, 
so that BH is open in G; 

(2) Sx = {B- weights of functions in C(A) which are B-eigenvectors}, where 
G acts on rational functions on X in the usual way: (gf)(x) = f(g x), 
and the weight of a function / is the character x : B — > C x such that 
bf = x(b)f for all b £ B; 

(3) Ax = {-B-stable but not G-stable prime divisors of X}, whose elements 
are called the colours of A; 

(4) for any colour D, we define px(D) £ Homz(Sx,Z) in the following way: 
{px{D), x) = ^-d(/x) where vd is the discrete valuation on C(A) associated 
to D, and f x is a rational function on A being a -B-eigenvector with weight 
X; this functional px{D) is well defined because A has an open B-orbit 
and thus any weight x determines f x up to a multiplicative constant; 

(5) for any simple root a £ S, we say that a "moves" a colour D £ Ax if D is 
non-stable under the action of G{ Q j; 

(6) z = the unique point fixed by _B_ on X; it lies on Z = Gz the unique closed 
G-orbit; 

(7) E x = {T-weights of the T-module T z X/T z (Gz)}; the elements of E x are 
called the spherical roots of X, and the cardinality of ~Ex is equal to rankX; 

(8) Px = the stabilizer in G of the open B-orbit; this is a parabolic subgroup 
containing B; 
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(9) S x = the subset of simple roots associated to the parabolic subgroup Px , 
so that in our notations: Px = Ggp . 

2.2. Parabolic induction. Let A be a wonderful G-variety, and suppose that the 
stabilizer H of a point in the open G-orbit is such that R(Q) C H C Q for some 
parabolic subgroup G of G, where R(Q) is the radical of Q. Then X is isomorphic 
to G xq y where Y is a Q- variety where the radical R(Q) acts trivially. Moreover, 
y turns out to be wonderful under the action of Q/R(Q), thus also under the action 
of L a Levi subgroup of Q. Here G XqY is defined as the quotient G xY/ ~ where 
(<7,a:) ~ {gq^q^x) for all g G Q. 

Definition 2. Such a wonderful variety X = G Xq 7 is said to be a parabolic in- 
duction of y by means of Q. A wonderful variety which is not a parabolic induction 
is said to be cuspidal. 

We will need some facts upon wonderful varieties which are parabolic induction. 
The main idea is that the L-action on Y determines the whole structure of A, and 
this is the reason why the study of wonderful varieties most often reduces to the 
study of cuspidal ones. 

It is convenient to make some choice upon Q and L, using conjugation whenever 
necessary: we choose Q so that it contains £?_, and let S(Q) C S be the subset of 
simple roots associated to Q. We can choose L such that BnL is a Borel subgroup 
of L. 

Let </>: X — > G/Q be the map given by \g,y] •— > gQ] we can identify Y with 
</> -1 ((3)- There are some colours of X that go surjectively on G/Q via </>: such a 
colour is equal to BD for a colour D of Y. The other colours of X are the pull-back 
of the colours of G/Q along 0. Therefore Ax can be identified with the disjoint 
union of Ag/q an d Ay; however, in order to avoid confusion, we use the notation 
D to denote the element in associated to D G A g /q or D G Ay. 

With this identification, any simple root moving some colour coming from Y 
must belong to S(Q), while simple roots moving colours coming from G/Q must 
be in S\S(Q). 

2.3. Line bundles. Since X is spherical and has only one closed G-orbit, we have 
the following description of Pic(A): 

Proposition 1. Br89 The Picard group of X has a basis consisting of the classes 
of the colours. Moreover, the divisors which are generated by global sections (resp. am- 
ple) are the linear combinations of these classes having non-negative (resp. positive) 
coefficients. 

Any line bundle Jz? on X has a unique G-linearization, that is, a G-action on 
the total space of the bundle such that the projection on X a G-equivariant map, 
and such that it is a linear action on the fibers (see KKLV89 ). This determines 
an action of G on the space of global sections T(X, jSf). Our X is spherical, so this 
G-module has no multiplicities, which means that any simple G-module appears no 
more than once (see |Br97| L Moreover, the highest weights of the simple G-modulcs 
which actually appear can be described precisely. 

Let Jzf be a line bundle on A, and suppose it is associated to an effective divisor 
of the form 5 = J2deA x u dD with > for all D. We will also use the standard 
notation 0{5) for such a line bundle. Consider its canonical section ctj? G T(A, JSf); 
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since the colours are B-stable then use is -B-proper: call its B- weight x^?. Then, 
the highest weights of the simple modules appearing in T(X, Jz?) are the dominant 
weights which can be expressed as + £j where £ is a linear combination of 
spherical roots with non-positive coefficients, and (px(D),£ i )+nr) > for all colours 



This result is established in |Br89| . after some analysis of the action of G on 
T(X, Jz?) in relation with the usual induced action on C(X). It is useful to recall 
here the main idea; we start from the following equality of vector spaces: 



The sections in T(G/H, Jr?) are quotients /1//2 of regular functions on G which are 
-ff-proper (with same weight) under right translation, and such that the zeros of fi 
are "less than or equal to" S. Let fs G C[G] be a global equation of S pulled back 
on G via the projection G — > G/H (fs is unique up to a multiplicative constant). 
It is a regular function on G and it is ff-proper under right translation; denote A 
its H- weight and CfG]^ ; the set of all ii-proper functions with that weight. We 
have: 



and the map f j fs f gives a inclusion T(X, Jz?) C C[G]j , where the latter in 
turn provides the G-module structure of T(X, Jz? ) via the left translation action of 
G. In this way, the canonical section a%> is represented by the constant rational 
function 1, and it corresponds to the highest weight vector fg. 

Notice that if g £ G fixes fs under left translation, then g acts on a section of 
Jz? in the same way as it acts on the corresponding rational function with the usual 
action induced on C(X). 



3.1. Main theorem. The basic examples are the two wonderful SX2-varieties: 
P 1 x P 1 and P 2 = P(Sym 2 (C 2 )). The former does not admit any immersion into the 
projective space of a simple S^-module, whereas P 2 does (and even happens to be 
such a projective space), as we will see in 14.21 Notice that the open orbits of these 
two varieties are isomorphic resp. to SLijT and SL2/Nsl 2 T, with \Nsl 2 T/T\ = 2. 

Theorem 2. Let X be a wonderful G-variety. There exist a simple G-module V 
and a G-equivariant closed immersion X — > V(V) if and only if the stabilizer of any 
point of X is equal to its normalizer. For any fixed V , this immersion is unique. 

Varieties satisfying the condition of this theorem are also called strict. The proof 
of the theorem will take place in section [SJ We will also see in that section that we 
can characterise all simple modules admitting such an immersion for a given X. 

It is evident that any map as in the theorem is given by a linear system which 
corresponds to a simple submodule of T(X, Jz?) for some ample line bundle Jz?. 

The easiest case is where X has rank zero. Indeed, rank zero wonderful varieties 
are exactly the generalized flag varieties G/Q, Q a parabolic subgroup of G. A 
part of the classical Borel-Weil theorem states that the space of global sections of 



D ofX. 



r(i,^) = {/eC(i) I (f) + s>o}. 

The restriction to the open G-orbit G/H C X induces an inclusion: 

r(A",Jz?) C T(G/H,&). 




3. Simple immersions 
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any ample line bundle on G/Q is an irreducible G-module, and it gives a closed 
immersion in the corresponding projective space. 

For X of any rank, T(X, Jzf) is not irreducible; however we have strong restric- 
tions on the submodules we can consider: 

Proposition 3. Let Jzf be generated by global sections, and V be a simple submodule 
ofT(X,J£). If the associated rational map F: X --• » P(V*) is regular and birational 
onto its image, then the centre of G acts trivially on X and the highest weight of 
V is the "highest possible" among the simple modules occurring in T{X,JZ J ), which 
is the weight \S£ ■ 

Proof. The assertion on the centre of G is evident, since an element in the centre 
acts as a scalar on V and thus trivially on P(V). 

Let Z be the unique closed G-orbit on X: the restriction of Jzf to Z gives a 
G-equivariant linear map r(X, Jzf) — > T(Z,J£\z), and Y[Z,££\z) is a simple G- 
module by the Borel-Weil theorem. Take a point z € Z fixed by T, such that its 
stabilizer Q is a parabolic subgroup with BQ open in G. Then, Q acts on the fiber 
at z of Jzf with the character —%££■> thus the highest weight of Y(Z,££\z) is xse , 
again by the Borel-Weil theorem. 

Therefore the map T(X,Jf) — > Y(Z,S£\z) is zero on all simple submodules of 
r(X, Jzf), except for the one having weight \ cg. Recall that all simple submodules 
appearing have highest weight of the form \S£ + £j where £ is a linear combination 
of spherical roots with nonpositive coefficients: we have shown that all simple 
submodules with £ ^ cannot give a regular map, since their sections restrict to 
zero on Z . □ 

Definition 3. We denote the simple submodule of r(X, Jzf) having highest 
weight xjs? ■ 

The following proposition is related to our problem, and will be useful. 

Proposition 4. |Br97| Let X be a wonderful variety: there exist a simple G-module 
M and a vector v € M such that: 

H C G [v] C N G H 

where [v] G P(M) is the point corresponding to v and Gui is its stabilizer in G. 
Our X is isomorphic to the normalization of the variety G[v] C P(M) in the field 
C(G/H), which contains C(G/G[„]). 

Notice that if Jzf is generated by its global sections, then the global sections 
belonging to Vse suffice to generate Jzf, as one can see from the proof of proposition 

El 

It is useful to state a slightly different version of theorem [3 taking also into 
account proposition |3J 

Theorem 5. Let X be a wonderful G-variety, where G is the adjoint group of G. 
Let Jzf be an ample line bundle on X . Then the simple G-submodule ofT(X, Jzf) 
gives a closed immersion X — > P(VJ) if and only if the following condition 
holds: 

(R) any wonderful G-subvariety X' of rank 1 of X is rigid, i.e. its generic 
stabilizer H' is equal to its normalizer Nq{H'). 
which is also equivalent to the following combinatorial condition: 
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(R') for any spherical root 7 of X , there exist no rank 1 wonderful G -variety X' 
having spherical root 2j and such that S x = S x , ■ 

The theorem follows from lemma and from section The equivalence of the 
two conditions (R) and (R') is easy: the spherical roots of X and its wonderful sub- 
varieties of rank 1 are in bijection, in such a way that the subvariety X 1 associated 
to 7 S satisfies Y>x-t = {7}, and S x ~, = (see jLuOlp . Now the equivalence 
follows at once from the classification of rank f varieties. 

3.2. Reduction to rank f . Let X be a wonderful G-variety of any rank, with an 
ample line bundle Jz? = 0(5) where S = J2deA n DD (no > for all D). 

In the case of X being of rank zero our main result is immediate, as we have 
already noticed, thanks to the Borel-Weil theorem. 

The general case can be reduced to the study of the rank one case. We begin 
with the following lemma, which can be essentially found in |Luf)2| : 

Lemma 6. Lu02 The following conditions are equivalent: 

(1) Fse is a closed immersion; 

(2) the application T Z F%> between tangent spaces induced by F%> in a point z of 
the closed G-orbit Z of X is infective; 

(3) the restrictions of F& to the rank 1 wonderful sub-G -varieties of X are 
closed immersions. 

The rank 1 wonderful sub-G-varieties of X are the intersections of any r — 1 
prime divisors stable under G (the Di's of the definition) where r = rankJf . 

Proof. The implications (1)=^(2) and (1)=>(3) are obvious. We begin with (2)=>(I). 

The map Fse is G-equivariant and Z is the unique closed G-orbit, therefore (2) 
ensures that T X F%> is injective for all x G X. This implies also that is finite, a 
consequence of the Stein factorization and the finiteness of the fibers of F<g. 

Let Z' — Fj*(Z): since F& is finite, Z — > Z' is an isomorphism. We also 
have that F^{Z') = Z since Z is the unique closed G-orbit. The set {x £ 
X I ^jj? (Fj?( x )) = { x }} is a G-stable open subset of X, and it contains Z: 
therefore it is equal to the whole X; this shows that F<e is a closed immersion. 

We show that (3)=>(2). For all spherical roots 7, let (T Z X) 1 be the subspace of 
T Z X where T acts with weight 7. The tangent space T Z X is the sum of the (T z X) 7 's 
(which are in direct sum), plus T Z Z (with possibly non-trivial intersection with the 
previous subspaces). 

For all spherical roots 7 we have that {T Z X) 1 + T Z Z is the tangent space at z 
of some rank 1 wonderful subvariety X 1 of X, and (3) ensures that T z F^\t z x~i is 
injective for all 7. This implies (2). □ 

Our approach will derive from the following lemma. Here we fix a representative 
wq G NqT of the longest element in the Weyl group NqT/T; recall that Px is the 
stabilizer of the open i3-orbit of X. 

Lemma 7. Let d be the dimension of X , and let be the canonical section of 
S£ , viewed as the constant rational function I on X. Then the simple submod- 
ule ofT(X,Ji?) gives a closed immersion F^\ X — > P(V20 */ an d on M) if 
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there exist ui, . . . ,Ud G R u (Px) such that the Jacobian matrix of the functions 1 
(wiu>o)c_s? , . . . , (udWo)a^ is nondegenerate at z. 

Proof. Since is simple then Gos£ spans the whole . This is true also if we 
replace G with any non-empty open set, like R u (Px)wqPx ■ The section is an 
eigenvector under the action of Px, so we have that (R u (Px)wo)a^f spans Vse- 

Therefore there is no harm in supposing that the map Fse is given (in coordi- 
nates) by sections of the form [uwq)g^, for u G R u (Px)- Now it follows from 
lemma that the problem of having a closed immersion is local in z and can be 
checked just on the induced application on the tangent spaces. □ 

The advantage of this pont of view is that we can use the canonical chart Xz.b, 
which is the open set of X where o~%> is non-zero. The notation Xz,b comes from 
the following equivalent definitions (see |Br97| ): 

X z ,b = {iel | & (J D 

DeA x 

This is an affine open set; its stabilizer in G is exactly Px- The canonical chart has 
a very useful description: 

Proposition 8. Br97 Let X be any wonderful G-variety, and let L be a Levi 
subgroup of Px ■ We can suppose that L contains T. There exists a L-stable closed 
affine subvariety M C Xz,b which intersects Z exactly in z, and such that we have 
a Px -equivariant isomorphism: 

R U (P X ) x M — » X z ,b 
(u, x) i — ► ux 

where Px acts on the product in the following way: if we write an element in Px 
as vl where v £ R u (Px) and I £ L, then vl(u, x) = (vlul , Ix). Moreover, M is an 
affine space where (L, L) acts trivially and the whole L acts linearly with weights 
the spherical roots of X . 

We are now able to reduce the problem to rank 1 varieties. 

Lemma 9. If theorem\^ holds for all cuspidal wonderful varieties of rank 1, then 
it holds for all wonderful varieties. 

Proof. We maintain the notations of the theorem. We first prove that the theorem 
can be reduced to wonderful varieties of rank 1, and then we reduce to the cuspidal 
case. Hence now we suppose that the theorem holds for all rank 1 wonderful 
varieties. 

Let X be a wonderful variety of rank r and suppose that it satisfies the condition 
(R) of the theorem. 

A spherical root 7 € Sx is associated to a unique G-stablc wonderful subvariety 
X 1 CXof rank 1, having spherical root 7 and such that S Xl = S x : the condition 
(R) of the theorem holds for all these X 1 too. 

Let Jzf be an ample line bundle on X, and consider Jf 7 := _S? \x-r. The hypotesis 
of our lemma applies, and the map : X 1 — > P(V^ 7 ) associated to Jz? 7 is a 
closed immersion. Thanks to lemma [7| this fact can be expressed in terms of the 
Jacobian matrix at z of some G-translates of the canonical section of «5f 7 . This 



The Reader should make no confusion here: we consider the sections of _£? as rational functions 
on X, but G does not act on V(X, J?) via the usual action on C(X) (see the end of section 151. 
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section is actually restricted to X 7 , so we have proven that (Fsc)\x-y is a closed 
immersion of X 1 into P(V£), for all 7. 

We conclude that Fj? is a closed immersion of the whole X thanks to lemma 

On the contrary, suppose that X does not satisfy the condition (R) of the theo- 
rem, for some 7 £ Sx- Consider X 1 as before: it does not satisfy the condition (R) 
and so it can't be embedded in the projective space of any simple G-module thanks 
to the hypothesis of this lemma. Thus „Sf here cannot give a closed immersion 
X — > P(V£) because it would restrict to a closed immersion of X 1 . 

We have reduced the problem to rank 1 varieties, it remains to reduce the prob- 
lem to the cuspidal case. 

Suppose that the theorem holds for all cuspidal wonderful varieties of rank 1, 
and let X be a non-cuspidal wonderful variety of rank 1 . Thus X = G XqY where 
Q is a proper parabolic subgroup of G and Y is a cuspidal wonderful L-variety of 
rank 1 for L a Levi subgroup of Q. We choose Q and L as in !2.2l and take an ample 
line bundle Jz? on X. 

Define 2 W = V^' iQ \ and observe that Y = J K "W). The map F<e sends Y into 
P(W*), and W is a simple L-module. 

Also, X satisfies the condition (R) of the theorem if and only if Y does. If F& is 
a closed immersion of X into P(VJ) then its restriction to Y is a closed immersion 
of Y into P(W^), associated to the ample line bundle S£\y. 

Viceversa, suppose that Jz? \y is a closed immersion of Y into P(VK*); this implies 
that T Z F<£ is injective if restricted to T Z Y. We also know thanks to the Borel-Weil 
theorem that T Z F^ is injective if restricted to T Z Z. 

The tangent space of X at z £ Z can be written as: T Z X = T Z Y + T Z Z (with 
non-zero intersection); we want to conclude that T Z F^ is injective on all T Z X. We 
use that X = G x Q Y: the quotient T Z X/T Z Y is T-isomorphic to T P (G/Q); the 
T-weights appearing in it do not belong to the span of the roots of the Levi factor 
L C Q. On the other hand, the T-weights appearing in T Z Y are those corresponding 
to the tangent space of the closed L-orbit of Y, with in addition the spherical root 
of Y: all of them lie in the weight lattice of L. Therefore none of the T-weights 
appearing in T Z X/T Z Y can appear also in T Z Y\ since T Z F^ is T-equivariant, we 
conclude that it is injective on all T Z X. 

Lemma El applies again and we conclude that F<£ is a closed immersion of X into 
P(V£). □ 

4. Rank 1 cuspidal wonderful varieties 

4.1. General considerations. Now let X be a rank 1 wonderful G- variety, having 
dimension d and spherical root 7, with the ample line bundle _S? as in the previous 
section. 

The idea here is to use lemma on the canonical chart Xz.b- 
Proposition[S]describes Xz,b as the product of ZC\Xz,b = R u {Px) and an affinc 

space M, of dimension equal to rankX = 1. The maximal torus T acts linearly on 

M via the spherical root of X . 

Therefore X z ,b = A dimir(Px)+1 = A d . Our strategy is based on the fact that 

if we can find the section wqt^ explicitly as a regular function on Xz,b, then the 

condition of lemma [7| can be examined when working only on Xz,b- 



2 If we have a group T acting on a set A then we use the standard notation A r to denote the 
fixed points of T in A. 
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Here it is convenient to consider the action of Px on C[Xz,b] 2 _Sf ) induced 
by the one on C(X), instead of that induced by the linearization of Jzf. This causes 
no harm, since R u {Px) and (L, L) fix the canonical section ase , thus the two actions 
are the same for R u (Px)(L, L). The difference in the action of T is simply the shift 
by X^f of all weights (see the end of section |5J). 

Fix a global coordinate system x±, . . . , x ( i-i, y on Xz,b with the x^s relative to 
R u {Px) and the y relative to M = A 1 . Choose the Xi's to be T-eigenvectors; this 
can be accomplished using the decomposition in root spaces g a C Lie(R u (Px)) 
and the isomorphism exp: Lie(i? u (Px)) — ► R u (Px)- We will use the corresponding 
subset of positive roots as an alternative set of indexes for our variables: 



Notice that the weight of the function x a is the negative root —a. 

If we think of w^ase as a regular function on Xz,b, then it is a polynomial in 
these coordinates. Its zero locus is wqS — X)dgA x u d(woD) intersected with Xz,b- 



where x — (x\, . . . ,Xd-i). The function y is the equation of R u (Px) inside Xz,b- 
So in particular y is a T-eigenvector, with weight —7. 

Since w^o^ is a T-eigenvector too, each summand fi(x)y l must be a T-eigenvector 
with the same weight. This implies that fi(x) is a T-eigenvector, with weight a 
sum of negative roots. 

Finally, fo(x) is the equation (in Xz^b) of wqS\z- The latter is the sum (with 
multiplicities) of some of the _B_-stable prime divisors of Z. The explicit equations 
of these prime divisors can be easily found; anyway often the following lemma 
suffices: 

Lemma 10. If E is a colour of Z and it is moved by on € S , then the T -weight 
of the equation of WqE on R u (Px) is Wo(^i) — 0Ji where u>i is the fundamental 
dominant weight associated to a;. 

Proof. Let P_ = G_^p be the opposite subgroup of Px with respect to T: it is also 
the stabilizer of z the unique point fixed by i?_ (see for example |Br97j ). Consider 
the pullback along ir : G — » G/P- = Z of the colour E. Call its global equation 
on G: it is a S-eigenvector under the left translation action, of weight LUi. 

The map ir sends R u (Px) isomorphically onto the the canonical chart of Z. The 
equation of WqE on R u (Px) corresponds then to the rational function W ^ E on Z 
(where wq acts on regular functions by left translation), and the lemma follows. □ 

The multiplicities of the intersections between colours and Z are given by the 
following proposition due to D. Luna: 

Proposition 11. Let X be a wonderful variety (of any rank), with closed orbit Z 
and let D be a colour. Then D intersects Z with multiplicity 1, unless D is moved 
by a € S such that 2a £ Sx,' in this case D intersects Z with multiplicity 2. 



{x 1 ,x 2 ,...,x d - 1 } = {x a I fl Q C Ue{R u {P x ))} = {x a \ae $+ \$ s p }. 
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Proof. We use the Poincare duality between divisors and curves. Using a Bialynicki- 
Birula decomposition of X (sec BB73 , BBf^]), one can find a set of i?_-stable 
curves which are a dual basis of the basis of Pic(X) given by the colours. That is, 
for each D G Ax there exists a £?_ -stable curve cr> in X such that: 

- c D n D' = if D ± D', 

- Cjj and D intersect (transversally) in only one point. 

On the other hand, in |Br93| it is shown that all £?_-stable curves are the following: 

(1) curves c a for a G S \ S x , which are in Z and are dual to the colours of Z\ 

(2) curves c+ and c~, for a G S (~1 Ex; 

(3) curves c' a for aGSfl 5 Ex- 

See |Lu97| for a description of these curves. In the Chow ring (or, equivalently, 
in the cohomology) of X, we have the following relations: [c+] + [c~] — [c a ] and 
[c' a ] = 2[c a ]. On the other hand the curve cd can be chosen to be: 

(1) one of the c a , if a (jt Ex and 2a ^ Ex where a G S moves D; or 

(2) one of the c+ or c~, if a £ and a G 5 moves D; or 

(3) c' Q if a € S 1 moves and 2a £ Ex- 

Now the proposition follows from the fact that the multiplicity of the intersection 
between D and Z is {[D], [c a ]). □ 

Therefore we have: 

w a S\z = n D m D ■ w (D C\ Z) 

DeA x 

where rriD — 2 if D is moved by a simple root a G S n |E, and mc = 1 otherwise. 

We have some last remarks which will help determining vjqcj^. We recall that 
-H" is the stabilizer of a point in the open B-orbit. 

Lemma 12. If H = NqH , then the coordinate y must appear in the expression 
of WqO se '• Moreover there exist a non-trivial line bundle Jz?o generated by global 
sections such that w§as£ Q doesn't have the form f{x,y n ) for an n > 1. 

Proof. If H = NqH then proposition 0] states that there exist a G-equivariant 
morphism X P(M) where M is a simple G-module and the image of X is 
the normalization of X in its own field of rational functions. In particular, this 
morphism is birational onto its image. 

On the other hand, this map must be F& for some Jzfo generated by global 
sections. Moreover, F<g Q is given in coordinates by sections of the form uw^a^ for 
u G R u (Px) (see proof of lemma|7J|. The function y G C[X^.b] viewed as a rational 
function on X is stable under the action of R u (Px ) • 

This analysis implies that if y does not appear in woa^ then the image of X 
through Fc£ a is equal to the image of Z, which is a contradiction. This implies also 
that y appears in tboaom) for some colour D, and thus in wqo~% for all ample Jzf. 

Finally, if a^ Q had form f(x, y n ) for an n > 1, then all rational functions defining 
Fcg Q would share this property. This would be again in contradiction with the fact 
that F<£ is birational onto its image. □ 

At this point we have collected all general informations on w§o^ and we must 
examine our cuspidal rank 1 varieties one by one. We use the list in |Wa96| . and 
maintain the notations of this paper: we recall that we work on G-varieties. 
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4.2. Rank 1 varieties with H ^ NqH. As one can see from the list in pVa96 , 
these cases are those which do not satisfy the condition (R) of theorem 

They are: (lA,n = 2), (7B), (7C,n = 2) (which is actually (7B,n = 2)) and 
(13): we have to prove that there is no line bundle J?? such that is a closed 
immersion. 

We use the notations of section l2~3l We have seen that the regular function fs on 
G is a ii-eigenvector with respect to the right translation, and that the associated 
morphism Fse : X — * ¥(V^,) is given by rational functions on X of the form gfs/fs 
for some element g € G. Consider the G-morphism G/H — ► G/NqH; it is finite of 
degree \NqH/H\ and it extends to a morphism X — > X where X is the wonderful 
embedding of G/NqH. 

In cases (7B), (7C,n = 2) and (13) we have that fs is also an eigenvector for 
NqH . This is easy to prove using the fact that X and X both have only one colour, 
and the one of X is the inverse image of the one of X. 

This implies that the map Fse\a/H : G/H -> P(V£) factorizes through G/N G H 
for any ample Jzf, and thus F<£ cannot be a closed immersion. 

It remains to examine the case (1A, n = 2), which is the only one such that fs is 
not necessarily an eigenvector for the whole NqH . We have G — SL2, 7 = &i, there 
are two colours D + ,D~ and = 0. Here X = P 1 x P 1 , and G acts diagonally; 
R u {Px) is one-dimensional. The closed G-orbit is P 1 C X embedded diagonally, 
and is has only one colour E; the equation on R u {Px) of woE is x\. So the functions 
y and x\ have the same T-weight ot\, and we can conclude that the equations of 
wqD + n Xz,b and wqD~ n Xz.b both have degree 1 in y, with constant leading 
coefficient. 

Consider the line bundle Jz? = 0(n+D + + n,-D~), with n + , n_ > 0: 
Wo<r& = (ay + xi) n+ (by + xi) n ~ 
with a^kC. Now R U (P X ) is the additive group C, so if u £ R U (P X )- 

u ■ w <r&(xi,y) = (ay + xi - u) n+ (by + xi - u) n - 
The derivatives of these functions calculated in z = (0, 0) are: 

9 t"g^ (0,0) = 2(- U )"++"- 1 

8(u- Wo<T#) M = {a + b)i _ u) n ++ n-l 

Here we see that we cannot find two elements Ui,U2 S R u (Px) such that the 
Jacobian of lemma is nondegenerate at z = (0,0), no matter which n + ,7i_ we 
choose. 

4.3. Rank 1 varieties with H = NqH. These cases are those that satisfy the 
condition (R) of the theorem, thus we must prove that F^e is a closed immersion 
into P(V£). 

Those which are complete symmetric varieties can be omitted, since for them this 
fact is true (see |DP83p : they are: (lA,n > 2), (2), (4), (6A), (8B), (7 C,n > 2), 
(8C), (ID), (6D), (6), (12) (again we use the labels and the ordering of |Wa96p . 

The remaining cases are (9B), (11), (9C), (14), (15). 

Consider cases (11) and (14). X has only one colour D. Examining the weight 
of the function y and the weight of fo(x) (see formula l4.1|) for an ample line bundle 
Jz? = 0(lD), one can apply lemma IT21 and immediately conclude that fi(x) ^ 0. 
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We leave the easy details to the Reader. We can apply now for these cases the 
following: 

Lemma 13. If ^ does not belong to <i> + \ $ s p , and if f\{x) ^ 0, then is a 
closed immersion. 

Proof. We begin with some considerations about the condition in lemma Since 
z has coordinates (0, ... ,0) in our canonical chart, this condition is equivalent to 
the existence of u\, . . . , Ua £ R u {Px) such that the matrix: 



/ d( Ul -f ) 
dxi 

d("i-/o) 
dx 2 



d(iti-/o) 



x=0 



x=0 



d(u 2 -fa) 
dxi 

d{u 2 -fa) 
dx 2 



d(u 2 -fa) 



x=0 



<9(«d-i 


fo) 




d(u d -f ) 




dxi 




x=0 


dxi 


x=0 


<9(«d-i 


fo) 




d(u d -f ) 




dx 2 




x=0 


dx 2 


x=0 


<9(u d _i 


fo) 




9(u d -f ) 




dx d - 


1 


x=0 


dx d -i 


x=0 



V (^1 ■ /i)U =0 («a-/i)| B=0 



(ud-i ■ h)\ x=Q (ud-h)\ x=0 J 



is nondegenerate. Notice that one can always find at least some elements u\, . . . , Ud-i 
such that the upper left (rf — 1) X (d — 1) minor is non-zero, because it corresponds 
to the map Fse restricted to Z and this map is a closed immersion. 

The nondegeneracy of the above matrix is equivalent to the fact that the function 
fi(u ■ x)\ x _ = fi(u) is not a linear combination of the functions: 



(4.2) 



d(fo(u ■ x)) 



dx\ 



d(f (u ■ x)) 



dx d - 



as functions of the variable u G R u {Px)- Now it is quite easy to prove that the 
function: 

d(f (u ■ x)) 



dxt 

is a T-eigenvector, with weight the weight of fo minus the weight of the function 
x 1 . 

On the other hand, the difference between the weights of fo and fi is exactly 
-7- 

We switch to the appropriate set of positive roots as indexes for our variables; if 
we have: 

d(fa(u ■ x)) 



dx a 



then Ha is zero except for a = 7. The hypothesis of the lemma is just that there is 
no such a. □ 

We remain with cases (9B), (9C), (15). All of them have two colours, moved by 
two different simple roots; at the beginning we can treat them in a unified way. 

Let D\ and D2 be the two colours: they intersect Z with multiplicity 1 (propo- 
sition ^2); define Ei — Di n Z (i = 1,2). Call ipi(x) the equation on R u (Px) of 
w Ei. We have: 

wq(J 0(Di) (x,y) = ... + a(x)y + ipx(x) 
Wo°~0(D 2 ) (x,y) = ■■■ + b(x)y + <p 2 (x) 
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We take Jzf = 0(lDi + sD 2 ) with I, s > 0. Using notations of formula PTT1 we have: 

f Q (x) = <pi(x) 1 (fi 2 (x) s 

fi(x) = la(x)fi{xy~ 1 ip 2 (x) s + b(x)Lp 1 (x) l Lp 2 {x) s - 1 

We can repeat the considerations in the proof of lemma IT^l the map F^p is a closed 
immersion if and only if there exists no ^ £ 

d(f (u ■ x)) 



dx~, 



such that: 

= h{u) 



where 7 is the spherical root of X. Using the expression of f\ and fo and dividing 



by (p\ 1 ip s 2 1 , this equation becomes: 



fi lip 2 (u) 



d((pi(u ■ x)) 



dx~, 



d(ip 2 (u ■ x)) 



dx~, 



= la(u)(p 2 (u) + sb(u)(fii(u) 



or equivalcntly: 



(4.3) ltp 2 (u) ii 



d(ifi(u ■ x)) 



dx^ 



— a{u) I = sifi(u) b(u) — fi 



d(ip 2 (u ■ x)) 



dx^ 



We examine our three cases one by one and prove that the equation above is 
impossible. 

CASE (9B) 

Our G is PS0 2n +i(C) (n > 2). The stabilizer H of a point in the open G-orbit 
has a Levi factor isomorphic to GL n , and its unipotent radical has Lie algebra 
isomorphic to /\ 2 C™ as a GL n -module. 

If ei, ... j e 2n+ i is the canonical basis of C 2n+1 , we choose the symmetric form 
(-, •) that defines the group PS0 2n+ \ to be given by: (e^, ej) = 1 if j = 2n + 2 — i, 
(ei, ej) = otherwise. With this choice, the Lie algebras02n+i is the set of matrices 
that are skew symmetric around the skew diagonal. We can choose B to be the 
(classes of) upper triangular matrices in G, and T the (classes of) diagonal matrices. 

Call ct\, . . . , a n the simple roots associated to B and T, numbered in the usual 
way. The spherical root of X is: 

7 = «i + . . . + a n 

The two colours Di,D 2 are moved resp. by ai and a n . The corresponding 
functions (fi{x) and f 2 (x) are irreducible polynomials, of weights resp.: 

ti; (wi) -Wi = -27 

iiioK)-w„ = -(ai + 2a 2 + . . . + na n ) 
This gives a more precise information on woCc>(r>i) an d wo<ro(D 2 y. 

Wq(7 {d 1 ) (x, y) = cy 2 + a(x)y + cp-y (x) 

wqoo{d 2 ) 0, v) = H x )y + v>2(x) 

where c G C. We see here that a(x) and b(x) cannot be both zero due to lemma 
d 

The weight of a(x) is wo(uji) — to\ +7, and the weight of b[x) is ii)o(u n ) — w„ +7. 
This, and the irreducibiliy of (pi (x) and ip 2 (x) , imply that if equation 14.31 is true 
then both sides are zero. 
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We examine the functions a(x) and ip\(x). Here Px is Gs\{ai,a n }> but the colour 
D\ is stable under the bigger parabolic subgroup Gs\{ ai }- In the same way wqDi 
is stable under G_g\{ Ql }. This means that u>oco(r>i) (x,y) will be invariant under 
the intersection of R u (Px) with these two parabolic subgroups, and the function 
a(x) too. 

Denote with K this intersection. If we represent x E Lie(R u (Px)) as a (2n + 
1) x (2n + 1) upper triangular matrix, then the coordinates on the first row are: 

Xn — ^Qi+a2 + "' + a !i-l^ a Ji = Xry X2n—1 — ^ai + 2a2 + ...+2Q n _^+2a„ 

Label with X2n, X2n+\-, etc. the remaining coordinates. With these notations we 
have: 

Lie( J ftT) ={ Xi =0\i=l,... 2n-l} 
The weight of a(x) and its invariance under K tell us that: 

a(x) = vx 1 

for ceC. 

In order to find the function ipi(x), we use the analysis contained in the proof 
of lemma ITU1 The function fn^Z (with the notation of that lemma) is a reg- 
ular function on PSC>2n+i which is a ^-eigenvector under left translation and a 
B- -eigenvector under right translation; moreover D\ is stable under the action of 
Gs\{qi}- Thanks to these facts we find easily that ifii(x) is the matrix entry in the 
upper right corner, if we represent x E R u (Px) as the class of a upper triangular 
matrix in S02n+i having all l's on the diagonal. The expression in our coordinates 
is more complicated: 

fi(x) = 2x\X2n-i + 2x2X2n-2 + • • • + % n + terms of higher degree 

The exponential Lie(i?"(Px)) — * R u (Px) can be expressed explicitly using the fact 
that matrices in Lie(R u (Px)) are nilpotent; we leave this exercise to the Reader. 
Now we can write the multiplication on R u (Px) in terms of our coordinates, and 
it is not difficult to conclude that: 

x=0 

The above expression is not a scalar multiple of a(u). We conclude that the left 
hand side of equation 14.31 is zero if and only if fi = v = 0. But now b cannot be 
zero, and hence the right hand side of equation 14 . 31 cannot be zero. 

CASE (9C) 

This case is quite similar to the one above. We have G = PSp2m, m > 3 (the case 
m = 2 being equal to case (9B)). The stabilizer H of a point in the open G-orbit 
has a Levi factor isomorphic to C x x Sp2n-2 (up to a central isogeny), and its 
unipotent radical has Lie algebra isomorphic to C as a C x -module, where Sp2n-2 
acts trivially. 

If e\, . . . , C2n is the canonical basis of C 2 ™, we choose the skew symmetric form 
(•, •) which defines the group PSp2n to be given by: (ei, ej) = 1 for j = 2n + 1 — i 



+ 2 — ^o:i+a2 + - . . + 2a„ _ i +2 a. 



d(ipi(u ■ x)) 
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SP 2 « = 



and 1 < i < n, (e^, ej) — — 1 for _j = In + 1 — i and n + 1 < i < 2n, (a, ej) = 
otherwise. With this choice, the Lie algebra sp 2n has the following form: 

A B 
C A 

where A is any n x n-matrix, B and C are n x n-matrices symmetric around the 
skew diagonal, and A is the transpose of — A around the skew diagonal. We can 
choose B to be the (classes of) upper triangular matrices in G, and T the (classes 
of) diagonal matrices. 

Call ot\, . . . ,a n the simple roots associated to B and T, numbered in the usual 
way. The spherical root is: 

7 = ai + 2a 2 + . ■ ■ + 2a„_i + a n 

The colours D%, D 2 are moved resp. by a\ and a 2 ; the corresponding functions 
fi(x) and tp2{x) have weights resp.: 

u> (wi)-wi = -7-CX1 

wo(w 2 ) - w 2 = -27 

Again, these weights provide a more precise expression of the following functions: 

wq<t 0{Di) (x,y) = a(x)y + (p 1 (x) 
woOo(D 2 ){x,y) = cy 2 + b(x)y + <p 2 (x) 

where c € C, and a(x), b(x) are not both zero. As in the previous case, if equation 
14.31 is true then both sides are zero. 
The coordinates on R u (Px) are: 



X'l 
X2 



Xn — ^ai +. . .-\-ct n 

Xn-\-l — 1 + . . . + ck ti _2 + 2ck n _ ^ +a„ 



X2n-2 = %J 
X2n — 1 — 



X2n 
X2n+1 



•^3n— 1 — -Ec*2 + ■ ■ ■ + ck ti — 2 +2a„ __ i +a n 



^4n- 4 



Using the same technique as in the previous case, we find that b must be invariant 
under the subgroup of R u (Px) given by Xi = Vi ^ 1. This implies that: 

b(x) = v(x 1 — x ai x~ f _ ai ) + b{x) 

where v G C and b(x) is a polynomial that does not depend on the coordinates m 7 
and w 7 _ Ql . The function (p2(x) is the upper right 2 x 2-minor of x £ R u {Px), and 
in our coordinates we have: 

d((p 2 {u ■ x)) 



dx-y 



£C=0 

The above expression is not a scalar multiple of 6(w), hence b and /i are zero. But 
now a cannot be zero, nor the left hand side of equation 14.31 

CASE (15) 

Here our group G is of type G2, H has a Levi factor quotient of C x x SL 2 , and the 
Lie algebra of its unipotent radical is isomorphic to C © C 2 as a C x x SX 2 -module. 
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If ai and ai are the two simple roots (short and long, resp.), the spherical root of 
X is: 



7 = oi\ + a>2 

The colours D\ and D2 are moved resp. by ax and 012, so B 
ipi and (fi2 have weights: 

wo(u>i) — u>i = —4ai — 2a.2 
Wq(uJ2) — ^2 — — 6ai — 4«2 



Px ■ The functions 



hence: 



woCTo(Z5i) (x,y) 
wq(Jo{d 2 ) (x,y) 



= c(x)y 2 + a(x)y + ipi(x) 
= f( x )y 4 + e ( x )y 3 + d(x)y 2 



b(x)y + ip 2 {x) 



In order to do explicit calculations on R u (Px), we use the embedding of G2 
inside SOs(C) given by: 



Lie(G) 





/ 


ai 


XT 


XI 


— X4 


X4 


Xs 


X3 





\ 






S6 


ai + 02 


X4 


-XS 


Xs 


X\ 





-X3 












(12 


X6 


-X6 





—xi 


-XS 








-Xg 




XT 








xe 


-xs 


—£4 








Xg 




-XT 








—xe 


xs 


.' : 4 








X8 


a: 12 





XT 


-XT 


-a 2 


—X4 


-!E2 








xio 





— X12 


—XS 


X8 


—xg 


— ai — 02 


—27 






V 





-zio 


-X S 


-Xg 


Xg 


-xu 


-x e 


-ai 


/ 



for ax, C12, xi, . . . , X12 coordinates on Lie(G). We have: 



Ue(R u (Q)) 



1 








X2 


—xi 


X'4 


xs 


X3 





\ 




X6 





X4 


-xs 


xs 


x\ 





-X3 















Xe 


—xe 





—xi 


-XS 





















x 6 


-XS 


—X'4 





















—xe 


xs 


X'4 
























— Xl 


-X2 
































\ 




















-xe 





/ 



These Xi are our coordinates given by root space decomposition, and if we label 
them using the corresponding roots, we have: 



Xi 
X2 



X4. 
Xq 



At this point we need the expression of the group operation on R u (Px) in terms of 
these coordinates. This is an easy task since Lie(i?"(Px)) is nilpotent and thus the 
exponential map can be written explicitly; we leave this exercise to the Reader. 

As in case (9B), the functions a(x), b(x), c(x), d(x), e{x) and f(x) are stable 
under some nontrivial subgroup of R u (Px)- 

The possible monomials occurring in a{x) are Xx, x$x§, x^x\, X2X%. Invariance 
under the translation by exp(g a2 ) tell us that: 

a(x) = fJ,xXx + (3^i2 - 6^3)3:5X6 + H2X4X6 + H3X2XI 

with /xi,/Z2, ^3 £ C. 

There exist sixteen possible monomials occurring in b(x). Unfortunately, lemma 
Eldoes not help proving that a(x) or b(x) are non-zero, due to the presence of e(x) 
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(which one can prove it is actually non-zero!). We need a deeper analysis, which 
we describe leaving the computations to the Reader. 

We set up a system of coordinates £1, ... ,£14 on the big cell R U {B)TR U {B-) = 
C 6 x (C x ) 2 x C 6 of G, using the exponential map for R U (B) and R U (B_). We 
find the subgroup H described in |Wa96j . and we can express it in terms of the 
coordinates £1, . . . , £14. 

In |Wa96| we find the B- weight and the H- weight 3 of fn 2 £ C[G] a global equa- 
tion of D2 pulled back to G along the projection 7r: G — > G/H. These weights are 
enough to find fo 2 up to a multiplicative constant, using the decomposition of C[G] 
as a G x G-module. We obtain the rational function F = wofD 2 /fD 2 S C(G/H) C 
C(G). The function F is nothing but wo&oiD^ expressed in our coordinates on the 
big cell of G. 

Fix an arbitrary point p in the big cell, lying also inside BH. Since p £ BH, 
then 7r(p) is inside the canonical chart Xz.b of X, as well as the whole tt(u ■ p) for 
all u £ R u (Px)- More precisely, if yo £ C is the value of the coordinate y in the 
point 7r(p), then: 

{tt(u- P ) I u£R u {Q)} = {y = y Q }£X ZtB 

Consider the function F{u ■ p) for u £ R u (Px), expressed in terms of the coor- 
dinates x(u) = (x±(u), . . . ,Xd-i(u)) of u. If n(p) had all coordinates x\, . . . ,Xd~i 
equal to zero, then F(u ■ p) would actually be wo0e>(D 2 ) { x { u )i Uo), and we could 
recover the functions f(x), e(x), d(x), b(x) and ^{x) from it. The problem is that 
we have no control on the coordinates of ir(p) relative to Xz,Bi so we cannot go 
back and choose p in order to make this happen. 

However, since R u {Px) is unipotent, we have: 

F(u ■ p) — wocro(u 2 )(a;(u), yo) + other terms depending on the coordinates of p 

Now, the explicit calculations show that the possible monomials of b(x) appear in 
F(u-p) with coefficients which depend only on yo (and not on the other coordinates 
of p). This implies that from the expression of F(u-p) we can actually recover b(x): 

b(x) = /i4 ( — 720X3^5 + 720X3X4X6 — 240X3X^X2 + 36OX1X5X2 — 72OX1X4 

360X1X4X6X2 — 60XlXgX2 + 360X^X4 — 360XgX6X2 + 

60X5X4X3X2 + 18X5X5X3 — 8X4X3X2 + x|xj) 

for ^ 4 £ C \ {0}. Therefore b^O. 

Functions ipi and ^2 can be found as in the previous cases, thanks to the inclusion 
G2 C SOs- Indeed, we can use the functions on SO$ which are ^-eigenvectors under 
left translation and B^ -eigenvectors under right translation, where B is a suitable 
Borel subgroup of SOs- For x £ R u {Px) C SOs, the function (pi(x) is the pfaffian 
of the upper right 3 x 3-submatrix of x, and ^2(2;) is the upper right 2 x 2-minor 
of x. The expressions in our coordinates are: 

ifii(x) = 360xiX4 + 360xg — 36OX3X6 + 30x2X5X5 — x\x\ 

<P2(%) = \x\ x 2 - X3 - \x\x\ + X2X5 + Xi (x| - |x 2 X4X 5 ) + 

240 ( x 2 x 4: X t ~ x 2 x 5 x t) ~ 21600 X 2 X 6 x 3 (y~ x \ x § + ^22^5^6 + "\q x 2 x &) 



3 As usual, B acts on functions on G by left translation and H acts by right translation. 
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At this point, the formulas we have found and the multiplication on R u (Px) in 
our coordinates are enough to express explicitly equation 14.31 the proof that this 
equation cannot be true is straightforward. 

The results in this section, together with lemmaEl complete the proof of theorem 

□ 

5. Proof of Theorem El 

We begin proving the uniqueness of a G-equivariant closed immersion F : X — > 
P(V) for any fixed simple V, using theorem 

Lemma 14. Let X be a wonderful variety admitting a G-equivariant closed immer- 
sion into the projective space of a simple G-module. Then the restriction of a line 
bundle from X to Z , the unique closed orbit, gives an inclusion Pic(X) C Pic(Z) 
where the latter is identified as usual with a sublattice of the integral weights. 

Proof. Theorem [S] guarantees that inside X there is no G-stable subvariety being 
a parabolic induction of the SX 2 -variety P 1 x P 1 : this implies that there is no 
simple root moving two colours on X. By |Lu01| (proposition 3.2), it follows that 
any colour D on X will be moved either by a single simple root an, or by two 
orthogonal simple roots Od , a' D . 

In view of proposition 1111 a colour D will intersect Z in the union of at most 
two colours of Z, in such a way that D n Z corresponds to either lud, or 2ujr), or 
Lou + lo' d (where lud is the fundamental dominant weight corresponding to Od). 
These three cases occur resp. when D is moved by an 6 S with 2arj $ Ejtj or D is 
moved by an £ S with 2ac £ Ex, or D is moved by ao, ot' D G S. In this situation, 
moreover, two different colours will be moved by two disjoint sets of simple roots, 
and this completes the proof. □ 

The identification of Pic(X) with a sublattice of the weights is exactly the 
application Jz? >— > Fi x V an d suppose we are given a closed immersion 

F: X — > P(V): thanks to the lemma, the highest weight of V determines uniquely 
the line bundle giving this immersion. More precisely, there exists a unique line 
bundle Jz? such that V = Vfg. This implies that F is determined up to composi- 
tion with elements of GL(V). But we are dealing with G-equivariant maps: any 
A G GL(V) such that Ao F remains G-equivariant will have to commute with the 
G-action on V, thus A will act as a scalar on V. This proves uniqueness of F. 

Remark The image of Jz? i— > x& (f° r ^ varying among the ample line bundles 
on X) gives a subset of dominant weights which determines exactly all the simple 
G-modules whose projective space contains a copy of X . 

Finally, what we are left to prove is that if X has property (R) of theoremEIthen 
it is strict, i.e. all the stabilizers of its points are equal to their normalizers. Let 
x G X and let G x be its stabilizer. The closure of the G-orbit of a; is a wonderful 
G-subvariety Y, whose generic stabilizer is G x . 

This Y has the property (R) as well, so there exists a simple G-module V and 
a unique closed immersion F : Y — > P(V). Suppose that G x is different from its 
normalizer, and take an element in Ng(G x )\G x . This element induces a non-trivial 
G-equivariant automorphism (f> of Y; this is absurd because then F and Focj) would 
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be two different closed immersions of Y in P(V"). This finishes the proof of theorem 

m 

6. Ample and very ample line bundles 

Theorem 15. Any ample line bundle on a wonderful variety is very ample. 

Proof. For strict wonderful varieties, theorem [S] assures our result. For non-strict 
varieties, the problem can be reduced to rank 1 cuspidal wonderful varieties exactly 
in the same way as in lemma We remark that here we cannot ignore the cases 
where the centre of G doesn't act trivially. 

Following again |Wa96| , the non-strict cuspidal wonderful varieties of rank 1 are: 
(1A), (3), (5A), (7B), (10), (5D), (5), (13). Some of these varieties have easy 
explicit descriptions, however there is no need of a case-by-case proof. Let X be 
one of these varieties, 7 the spherical root of X, and / 7 a rational function on X, 
^-eigenvector of weight 7. From table 1 in .Wa!j6|, we see that in all these cases 
l/f-y has poles of order 1 on (all) the colour(s) of X, a zero of order 1 on the closed 
orbit (by construction), and no other poles. 

Therefore l// 7 belongs to T(X, Jzf) for any ample line bundle Jzf associated to 
a sum of colours with positive coefficients. If we focus on the canonical chart as 
in section 0] the function l// 7 is nothing but the function y £ C[Xz,b] ( u P to a 
multiplicative constant). 

Let us use the notations of lemrnad thanks to the Borel-Weil theorem there exist 
iti, . . . , Ud-i € R w {Px) such that the jacobian matrix of the functions (u\Wo)o~^ , 
. . ., (ud-iWo)a se with respect only to the coordinates of R u {Px) is nondegenerate 
in z. But now y is among the global sections we can consider, and it is clear that 
the jacobian matrix of the functions (uiWq)o~%> , . . . , (ud—iWo)asf, y with respect to 
all the coordinates is nondegenerate in z. 

Therefore in T(X, Jzf) there are enough sections to give an immersion X — > 
F(T(X, if)*), and Jzf is very ample. □ 
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